We investigate the conditions under which the solution of the initial-boundary value problem of the non-local equation
Introduction
Consider the problem
1a)
∂u ∂n + βu = 0, x ∈ ∂Ω , t > 0, (1.1b) u(x, 0) = u 0 (x), x ∈ Ω , (1.1c) where 0 ≤ β = β(x) ≤ ∞, which is C 1+α (∂Ω ), α > 0, whenever it is bounded and p is a positive number.
Moreover Ω ⊂ R N is a bounded domain with smooth boundary and f (s) is assumed to be a positive, increasing, convex function. λ is the parameter of the problem and stands for a physical quantity, e.g. for N = 1 and p = 2 when problem (1.1) models Ohmic heating, λ is proportional to the square of the potential difference applied across the ends of the circuit under consideration. The motivation for studying this kind of problem is that (1.1) has important implications for a variety of technological processes. Such non-local problems arise, for example, in the analytical study of phenomena associated with the occurrence of shear bands in metals being deformed at high strain rates (see [2] [3] [4] and the references therein), in modelling Ohmic heating phenomena [11, 12] , in the theory of gravitational equilibrium of polytropic stars [10] , in the investigation of the fully turbulent behaviour of flows, using invariant measures for the Euler equation [5] , and in modelling aggregation of cells via interaction with a chemical substance (chemotaxis); see [14] .
Here we focus on finding some conditions under which blow-up occurs for the solution of problem (1.1). It is known that for f (s) increasing, if p ≥ 1 and N = 1 then (1.1) has a global-in-time solution which is bounded; see [2] . The same result, at least for f (s) = e s , holds in the two-dimensional case; see also [2] . Thus when f (s) is an increasing function, blow-up should be expected to occur only if p < 1. Bebernes and Lacey in [2] have proved the occurrence of blow-up for the exponential function f (s) = e s when 0 < p < 1 and N = 1, 2 using a method which is due to Fila [6] . This method has a serious limitation, namely that problem (1.1) should admit a Lyapunov functional; but this is the case only for f (s) = e s . Some blow-up results for p = 1 can be found in [14] , where only f (s) = e s is considered, or in [9] , where only Neumann boundary conditions and power-law functions are considered.
Using arguments similar to those used for the rigid-ignition (local) model, e.g. Kaplan's method, we extend the blow-up result given in [2] to a general increasing function f (s) and to higher spatial dimensions. More precisely, in the next section we show that
is a sufficient condition for the solution of (1.1) to perform blow-up. Actually (1.2) implies that
Main results

Blow-up for Dirichlet and Robin boundary conditions
We assume that 0 < β(x) ≤ ∞ and that there exists at least one
and by Ψ (x) the corresponding (first) eigenfunction, which is known to be of constant sign in Ω . Let Ψ (x) > 0 be normalized such that Ψ 1 = Ω Ψ (x) dx = 1. Using now Kaplan's technique, i.e. studying the behaviour of the first Fourier coefficient of u connected with this eigenfunction, we prove the following result. Proof. Multiplying (1.1a) by Ψ (x) and integrating over Ω we get
where
is the first Fourier coefficient of u(x, t) in terms of the eigenfunctions of (2.1). Using Green's identity and the boundary conditions of u and Ψ we obtain
recalling that (µ, Ψ ) is a principal eigenpair of problem (2.1). Due to the convexity of Ω and the fact that f is increasing we can construct, by using the method of moving parallel planes, see [8, 13] , a relative compact set
3)
; then by using the fact that Ω 0 ⊂ Ω and the maximum principle for problem (2.1), we have m > 0; thus (2.3) implies that
Combining (2.2) and (2.4), we get dA/dt ≥ −µ A(t) + λ C Ω f (u) Ψ (x) dx 1− p , and using Jensen's inequality (for this inequality to hold it is essential to have Ψ > 0 in Ω normalized by the L 1 -norm) we finally obtain that A(t)
Hence A(t) blows up in finite time, i.e.
A(t) → ∞ as t → T
* ≤ ∞ A(0) ds λ C f 1− p (s) − µ s ≤ 1 Λ ∞ A(0) ds f 1− p (s) < ∞.
Actually the blow-up behaviour of A(t) defines the blow-up behaviour of u(x, t). Thus since A(t) ≤ u(·, t) ∞ we deduce that u(x, t) blows up in finite time as well, i.e. u(·, t) ∞ → ∞ as t → t * − ≤ T * .
Let us suppose now that f (s) grows faster than any power of s in the sense that s f (s)/ f (s) → ∞ as s → ∞. This condition implies that f (s) satisfies condition (1.2) and so the previous blow-up result is valid in this case as well. This last result is expected, at least for the one-dimensional case, since it has been proved in [2] for the associated steady problem
for β > 0 and for 0 < p < 1, that there exists a critical value of parameter λ, say λ * , such that problem (2.6) has no solution for λ > λ * . Blow-up occurs for big enough initial data as well; again the convex structure of Ω is crucial for the proof. More precisely the following result is valid. Proof. Following the same steps as in the proof of Theorem 1, see also [13] , we get
≥ 0 for all s ≥ δ 0 and furthermore
2) and (2.7) imply that the solution of (1.1) blows up at finite time t * ≤ T * ≤
Blow-up for Neumann boundary conditions
Let us assume now that β(x) = 0 for every x ∈ ∂Ω , i.e. u satisfies Neumann boundary conditions. In this case the associated steady problem
does not admit any of solution for every λ > 0. Actually, if we integrate the equation of problem (2.8) we get that 0 = λ/( Ω f (w) dx) p−1 which is a contradiction. We can prove the same result using maximum principle arguments (Hopf's lemma). This fact is an indication that time-dependent solutions u(x, t) are unbounded in this case for every λ > 0. More precisely, in the following we prove that u(x, t) blows up in finite time under again the condition (1.2). In this case the hypothesis concerning the convex structure of the domain Ω is not necessary. Proof. We introduce the energy functional Γ = Γ (t) = Ω u(x, t) dx/|Ω |, t > 0, and, integrating (1.1a) by parts over Ω , taking ∂u ∂n = 0 also into consideration, we get
and (2.9) we obtain
Therefore by (1.2) and (2.10), it follows that the energy Γ (t) and so u(x, t) is defined and bounded only on the bounded time interval [0, t * ), where
A result complementary to Proposition 3 (Neumann problem) is valid when ∞ b ds/ f (s) = ∞ for every b > 0. In fact, if we note M(t) = max x∈Ω u(x, t) then, recalling that f (s) is increasing and positive, we obtain that M(t)
The latter implies that u(x, t) cannot blow up in finite time. We claim that u(x, t) is unbounded; otherwise there would be a constant K such that M(t) < K for every t > 0 and thus m(t) = min x∈Ω u(x, t) would
and so M(t) → ∞ as t → ∞, which is a contradiction. Consequently, in this case problem (1.1) has a global-in-time unbounded solution.
Considering now the structure of the blow-up set, it has been proved in [4] that in the radial symmetric case when f (s) = e s and N = 1, 2, blow-up takes place only at the origin r = 0. We believe that the same can be proved, following a Friedman-McLeod type of approach (see [7] ), for more general functions and higher dimensions.
Also using formal asymptotics we have some evidence concerning the growth of u(x, t) near the origin as we reach the blow-up time. For the exponential case f (s) = e s we conjecture that for N = 1 we have u(r, t) ∼ −[ p/2 (1 − p)] ln(t * − t) + ν r/ √ (t * − t) as t → t * − for r > 0, which seems to be in agreement with the upper estimate that was proved in [4] . The two-dimensional case seems to be more delicate. For N ≥ 3 we conjecture that u(x, t) grows like in the "standard" reaction-diffusion problem; see [1] . For the power-law case f (s) = (1 + s) 1+k , k > 0, we have to distinguish more cases. In our view, all this asymptotic analysis is interesting enough to be explained in another work.
